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any positive integer n, there is some integer q for which there exists 
a (q, T)-n-tuple. Th e case n = 2 of this is of course part of Theorem 1. 
We shall frequently denote by A -B the set obtained by deleting from 
A its intersection with B. We may also consider Cartesian products of the 
sort Xx (1, . . . . t}, in which case any element (x, i) will be denoted xr and 
(Jltr ?/t = : Ys. If a line of a linear space is the set {xi, . .., xn>, we shall 
usually write the set as (xi, . . ., xn). 
All numbers which we consider are non-negative integers. 
2. THEOREM 1. 
In this section we present a construction of triple systems due to Lindner 
[l3] which generalizes an old construction of Bose [I]. This allows us to 
produce (q, m)-pairs of Steiner triple systems for all q> 2m+ 1 if further 
q c m = 3 (mod 6). W e use the embedding due to Lindner [13] to prove 
Theorem 1. 
Suppose T = (Y, B) is a partial triple system. We may then define a 
partial binary operation * on T by 
(i) y*y=y, for all yE Y, 
and 
(ii) ~*y=z, if x#y, x,y~Y, and (x,y,x)~B. 
( Y, *) is then a partial idempotent commutative quasigroup (cf. [13]). 
Here an idempotent commutative quasigroup, (X, -), of order m is a 
quasigroup with 1x1 =m such that x.x=x, for all x E X, and ~.y=y.z, 
for all Z, y E X. A partial quasigroup (Y, *) is embedded in the quasigroup 
(X, - ) if Y C X and whenever x * y is defined, for 2, y E Y, we have x*y = x + y. 
Of importance here is the following theorem of Cruse ([3], Theorem 6). 
THEOREM 2.1. For any partial idempotent commutative quasigroup 
(Y, *) with IYI= m and for all odd n at least 2m + 1, there is an idempotent 
commutative quasigroup (X, . ) of order n embedding ( Y, *). 
An immediate corollary is 
COROLLARY 2.2. Let n and m be odd with n> 2m+ 1. Then there is an 
idempotent commutative quasigroup of order n containing a subquasi- 
group of order m. 
LEMMA 2.3. Let q E m = 3 (mod 6) with q> 2m+ 3. Then there exists 
a (q, m)-pair. 
PROOF. Let p = q/3 and n = m/3. Thus p and n are odd with p > 2n + 1. 
Appealing to 2.2, we let (X, a) be an idempotent commutative quasigroup 
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of order r, containing the subquasigroup (Y, . ) of order n. We let Z = X x 
x {1,2,3} and set 
and 
A1={(~1,Y1, (z*y)z), (x2, Y2, WYM, 
(~3, ~3, (w~l)~)lxf~ and x9 Y ~9. 
Then for A = As u Al, it is easy to see that (2, A) is an S(q) containing a 
subsystem S(m) on the points Y x {1,2,3) (cf. Lindner [13]). Choosing p to 
be any permutation of X- Y which fixes no points, we let A* be the image 
of A under the permutation do given by 
&1)=x2, 01(x2)=x1, OI(X~)=(#?X)~, for 5 E X- Y, 
oc(y~)=y~, for i=l, 2,3 and YE Y. 
Then we see that ((2, A), (I;, A*)) is a (q, m)-pair as desired. 
LENT 2.4. Let m E 1 or 3 (mod 6) with m > 1. Then there exists a 
(2m+ 1, m)-pair and a (2m + 7, m)-pair. 
PROOF. The case (2m+ 1, m) is well-known (see, for instance, Lemma 4 
of [16]). The case (2m + 7, m) seems first to have been shown by Lindner 
and Rosa ([16], Lemma 6. See also [7], 4.2). 
PROOFOFTHEOREM 1. Let T = (Y, B) be a partial triple system of order 
m. We first show that (q, T)-pairs exist for all q E 3 (mod 6) with q 2 6m + 3, 
using the embedding due to Lindner [ 131. 
If q=6t+3>6mf3, let n=q/3=2t+1>2m+l. Take (Y,*) to be the 
partial idempotent commutative quasigroup associated with T, and 
suppose that (X, . ) is a quasigroup of order n which embeds (Y, *) as in 2.1. 
Let 2=x x {1,2,3), so that ]Z[ = 3n = 6t + 3 = q. We form a triple system, 
(2, A), whose triples are all triples of the following five types: 
(i) (a yl, a), for all (2, y, 2) E B; 
(ii) (52, ~2, 22) and (a, yi a), for all (2, y, 2) E B; 
(iii) (~1, y2, x3), +2, YS,~), Ga,y3, ~2)~ (~3, ~1, a>, 
(32, ~1, a), and (a, ~2, a), for all (2, y, 2) E B; 
(iv) (a, YL (z-y/)&, (a, ~2, by)3>, (~3, YS, (z.y)l>, for an m-mdered pairs 
(x, y) of distinct elements from X which are not contained in some 
triple of B ; and 
(v) (xl, 22, x3), for all 2 E X. 
It can be checked that this indeed gives us a triple system, (2, A), of order 
6tf 3 which, considering the triples of type (i), isomorphically embeds 
(Y, B) (cf. Lindner [13]). 
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Now we choose p to be a permutation of X which ties no points of X 
and further has the property that no element of Y is mapped into an ele- 
ment of Y. Such permutations exist since n > 2m + 1. We then define A* 
to be the image of A under the permutation 01 of Z given by 
ol(xi) =x1, for all x E X, 
OL(XZ) = (@)s, for all 5 E X, and 
4x3) = (@2)2, for all x E X. 
It is not difficult (although a little tedious) to check that a triple is in A n A* 
if and only if it is a triple of type (i), and so ((2, A), (2, A*)} is a (q, T)-pair 
as desired (where we identify Y with Yi and the triples of B with the 
appropriate triples of type (i)). For instance, suppose the triple (xl, ys, 2s) 
of type (iii) in A is also in A *. Then by checking indices we see it must be 
the image under 01 of some triple of type (iii) or (v). But the image of a 
triple of type (iii) is of the form (al, br, cs) for b, c $ Y, whereas y, z E Y. 
The image of a triple of type (v) is of the form (al, bs, bs), whereas y#z. 
Thus no triple of type (iii) in A is also in A*. Proceeding to check in this 
manner, we find Theorem 1 for q 3 3 (mod 6). 
Now suppose q = 1 (mod 6) with q> 12m + 7 and write q = 2n + 1 or 
2n+ 7 for some n = 3 (mod 6). Then n > 6m+ 3, and by 2.4 there exists 
a (q, n)-pair {(X, A), (X, A*)}. Let A A A*=B, so that, for some 2 CX, 
(2, C) is an S(n). Using the above proved case, q 3 3 (mod 6), of the 
theorem, we may now assume that Y CZ and {(Z,D), (2, D*)) is an 
(n, T)-pair. Then defining 
E=(A-C)uD 
and 
E*=(A*-0) u D*, 
{(X 4, (X2 E*)) is a (q, T)-pair as desired. 
3. THEOREM 2 
Let 
and 
x={oo,ag,bt~i=1, . . ..w} 
A={(oo,a&)~i=l, . . . . v}. 
Then (X, A) is a partial triple system which we shall call a claw, C&+1, of 
order 2v+ 1. Further, a (q, C,)-pair ((q, C,)-n-tuple) will be called a clawed 
pair (clawed-n-tuple) of order q. The significance of clawed pairs in the study 
of other intersection problems was first noted by Lindner in [12]. 
EXAMPLES. It is clear that trivial clawed pairs of order 1 and 3 exist. 
For orders 7, 9, and 13 we shall give a set of triples A for a triple system 
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and a permutation 01 of the underlying set X. The clawed pair is then 
{<X5 A), (X7 4). 
(3.1) B(7). 
A = {+, 1,2), (1,3,6), (2,3,5), 
<w,3,4), <1,4,5), <2,4,6>, 
(~2 46)); 
a=(+ (1,2) (3,4) C&6). 
(3.2) S(9). 
A = ((9 1,2), (123, Q, (2,3,f9, 
<~,3,4>, <1,4,7), <2,4, Q, 
<~,5, Q, (1,6,S>, (2,5,7), 
Co=), 7,f9, (3,6,7), <4,5,8)); 
a= (WI (h2) (324 (5) (6) (7) (8). 
(3.3) 5(13). 
A = {CT 1,2h 0,3,5), (3,2,7), <6,2,W, (7,4,10>, 
(~3,4>, <1,4,6>, (396, Q, <6,7,12>, <7,5,11>, 
Cm,59 6), Cl,79 9, (39% 12>, (6,% ll>, (598, lo>, 
cc=, 7, f9, o,f411>, (3,102 ll>, (294, ll>, (295, g>, 
<w, 9, lo>, (1,10,12), <2,8,12), <4,5,12>, (4,8, g>, 
(0% 11212)); 
a=(w) (1,2) (394) (596) (7,s) (9, 10) (lh12). 
LEMMA 3.1. Let v be a positive integer with w = 0 or 1 (mod 3), then 
(1) there is an L(w) with all lines of size 3, 4, or 6, and 
(2) if further v > 10, there is an L(V) with all lines of size 3 or 4 which con- 
tains a line of each size. 
PROOF. (1) is result (6.3) of (H anani, [lo]). The slightly stronger (2) can 
be proved in a similar manner to Hanani’s proof of (1) (see [7]. 1.9). 
A clawed s&pair of the clawed pair {(X, A), (X, A*)} is a clawed pair 
{(Y,B), (Y,B*))with Y cX,B _CA,andB* CA*. 
L~rcu 3.2. Let (Y, B) be an L(V) with w > 3, v = 0 or 1 (mod 3), and all 
lines of size 0 or 1 (mod 3). Then there exists a clawed pair of Steiner triple 
systems of order 2v + 1 containing a clawed subpair of order 2b + 1 for each 
line size b of B. 
PROOF. Choose a line _b E B, where we let I_bj = b. Using 3.1.1 we form an 
L(b), (_b, B(b)), on the points of _b all of whose lines have size 3, 4, or 6. 
We do this for each _b E B, and then let C = &B B(b). Now (Y, C) is an 
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L(V) with all lines of size 3, 4, or 6 which contains a linear subspace L(b) 
for each line size b from B. 
Let X= (m} u (Y x {I, 2)) and, for each g E C, let X(c)={oo) U (g x 
x {1,2}). As IX(dI E (75% 131, we may make use of examples (3.1), (3.2), 
and (3.3) to construct on each set X(c) a clawed pair {(X(_c), A@)), (X(c), 
A*(c))}, being careful always to choose the pairs so that 
43 nA*@)={(TYl,Ya) IYE_C}. 
If we now set A= (JfEo A(c) and A* = &o A*(G), then we see that 
KC A), (X, A”)) is a clawed pair. Furthermore, since the points of any 
block _b E B are the points of a linear subspace of (Y, C), this clawed pair 
contains a clawed subpair on the points { oo} u (_b x {1,2}), proving the 
lemma. 
LEMMA 3.3. Let (Y, B) be an L(V) with w > 3 and all lines of size 0 or 1 
(mod 3). Then for any given line size b from B, there exists a (2v+ 1,2b + l)- 
pair of Steiner triple systems. In any case, there exists a (2v+ 1, l)-pair 
and a (2~ + 1, 3)-pair. 
PROOF. Let b be a line size from B, By lemma 2.3 there is a clawed pair 
or order 2v + 1 which a clawed subpair of order 2b + 1. Let this pair be 
WA), (X4*)} h w ere the subpair is {(lV, C), (W, C*)}, for C CA and 
C* CA*. Suppose that the point in all triples of the claw is oo and that 
(cqa,b)EcnC *. Let 1)’ be the image of A* under the permutation 
(00, a). Then any triple in A n D* clearly must contain oo or a. However 
(co,x,y)~A if and only if (co,x,y)=(oo,a,b) or (a,x,y)eD* with 
cm+ {x, y}. Hence A n D* = {( 00, a, b)} and {(X, A), (X, D*)} is a (2~ + 1,3)- 
pair. Furthermore, both (X, A) and (X, D*) contain a subsystem of order 
2b + 1 on the points of W. Let the subsystems be, respectively, ( W, C) as 
before and (W, E*). Now letting F* = (D* -E*) U C, {(X, A), (X, Ii’*)} is 
a (2v+ 1, 2b+ l)-pair. 
As there are 2v - 2 points in X - { 00, a, b) and only v pairs (CC, y) such 
that (a, x, y) E A*, we may choose c E X - { 00, a, b} such that (c, x ,y) E A 
implies (a, x, y) 4 A*. Letting D be the image of A under the permutation 
(00, c), we claim that {(X, D), (X, D*)} is a (2v+ l,l)-pair. For certainly 
any triple in D n D* contains at least one of 00, a, and c. But (a, x, y) ED* 
if and only if (c, x, y) ED. Thus any triple in D n D* is of the form 
(00, x, y). But in that case (a, x, y) E A* and (c, x, y) E A, against our 
choice of c. This completes the proof of the lemma. 
LEMMA 3.4. For each m E {1,3,7,9> and for all q = 1 or 3 (mod 6) with 
q > 2m + 1, there exists a (q, m)-pair unless (q, m) = (3, 1). 
PROOF. With q> 3, by 2.1.1 there exists an L(q - l/2) with all lines of 
size 3, 4, or 6. Thus 3.3 gives the lemma for m= 1 and 3. Indeed, in view of 
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the existence of s(7) and S(9) and of 2.1.2, the lemma holds by 3.3 for 
all required pairs (q, m) except possibly (CJ, m) = (19,9). This last case 
is contained in 2.4. 
We remark that this last lemma reproves the result of Doyen [5] on 
existence of disjoint triple systems ((4, I)-pairs), the result of Lindner 
[ll] on almost disjoint triple systems ((q, 3)-pairs), and the result of 
Pauwelussen and Udding [I 71 on (9, 7)-pairs. Our proof intersects non- 
trivially with the methods of a construction of (q, 1)-pairs and (a, 3)-pairs 
due to Lindner [12]. Using the rather difficult construction by Hanani of 
Steiner quadruple systems ([9]), Lindner constructs clawed pairs of all 
suitable orders q and then proceeds as in the proof of 3.3 to derive (a, l)- 
pairs and (q, 3)-pairs. 
The transversal design T(4, k) is an L(4k) containing a parallel class of 
four lines of size k and all other lines of size 4 (cf. [6] and [8], chapters 13 
and 15). It is well-known that the existence of a T(4, k) is equivalent to the 
existence of a pair of orthogonal Latin squares of order k. In particular, 
by the theorem of Bose, Shrikhande, and Parker ([2]) T(4, Ic) exist for all 
kf2 or 6. 
LEMMA 3.5. Let 3 Q s g k with 8 3 0 or 1 (mod 3). There exists a linear 
space L(3k+s) with all lines of size 0 or 1 (mod 3) having at least one line 
of size s. 
PROOF. For k = 0 or 1 (mod 3) the constructions of ([6], 2.8) can be 
used to give the result. For Ic zz 2 (mod 3) we give a construction very 
similar to the case kf 6 of ([6], 2.8). 
As k>s> 3 and k = 2 (mod 3), a T(4, k) exists. Let it be (X, A), with the 
special parallel class As of four of size Ic. For some _b E Ao, let (~1, . . . , ~k-~+i} 
C_b. We denote by A’ and A’s the set of lines obtained by deleting from 
each line of A and Ao, respectively, its intersection with (~1, . . . , zk++i}. 
Letting X’ = X - {xi, . . . , xti-,+i}, (X’, A’) is an L( 3k + 8 - 1) containing a 
parallel class A’0 of four lines of size E, k, k, and s- 1, all lines of A’- A’0 
having size 3 or 4. To each line of A’,-, adjoin the new point ~4 X, and call 
this new set of four lines A’i. Then (X’ u { oo], (A’ -A’,) u A’I) is an 
L(3k + s) with all lines of size 0 or 1 (mod 3) and containing a line of size 8. 
PROOF OF THEOREM 2. Let q, m = 0 or 1 (mod 3) with q> 4rn+ 3. 
Further let p= (q- 1)/2 and 8 = (m - 1)/2, so that pa 49+ 3 also. By 3.4, 
we may assume m > 1. 
If Q z m E 3 (mod 6), then a (q, m)-pair exists by 2.3, and we are done. 
Suppose q = m E 1 (mod 6). Then p = 8 E 0 (mod 3). Let (p-s)/3 = : k, so 
that k> s+ 1. Then by 3.5, since p= 3k+s, there is an L(p) with all lines 
of size 0 or 1 (mod 3) which contains a line of size s. By 3.3 we are done 
in this case also. Thus we may assume q $ m (mod 6). 
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If q E 3 (mod 6) and m 3 1 (mod 6), then 2m+ 1 z 3 (mod 6) and 
q> 2(2m + 1) + 1. Therefore, by 2.3 there is a (q, 2m+ 1)-pair ((X, A), 
(X, A*)} where A n A*=B is the set of lines of an S(Bm+ l), (Y, B) say. 
Since 2.4 guarantees the existence of a (2m+ 1, m)-pair, {(Y, C), (Y, C*)}, 
we may substitute lines to gain the (q, m)-pair {(X, (A -B) u C), 
(X, (A* -B) u C*)}. 
When qcl (mod 6) and m-3 (mod 6), we write q=2k+l or 2k+7 
for k E 3 (mod 6). As rn> 3, we have q> 15, so by 2.4 there is a (q, k)-pair. 
Since q> 4m+ 3, we have k > 2m- 2. But k 3 m = 3 (mod 6), so in fact 
lc> 2m+ 3. By 2.3 again there is a (k, m)-pair. Thus we may substitute 
again as above, and in this final case we also construct a (q, m)-pair. This 
gives Theorem 2. 
4. THEOREMS 3 AND 4. 
We have already defined a Kirkman system of order 6t + 3 as a Steiner 
triple system, (X, A), whose set of triples admits a partition 
A =A1 u . . . u &+I, 
where each At is a parallel class of triples. If we let 
and 
X’=X u {m, .**, -3t+1), 
A’r = {<x, Y, 2, ~a>I<~, Y, z> E A), 
A’ ={(cq, . . . . c=3t+1)} u ( us A’t), 
then (X’, A’) is an L(Qt + 4) which contains one special line of size 3t + 1 
and all other lines of size 4. Ray-Chaudhuri and Wilson ([HI, Lemma 2.1) 
have observed that, starting with such an L(Qt+4), if we delete the line 
of size 3t + 1 and all points on it, we are left with a Kirkman system of 
order 6t + 3. We call such an L(Qt + 4) a completed Kirlcman system of order 
Qt + 4. By a completed clawed pair of Kirkman systems of order Qt + 4, we 
mean a pair ((X+4), (X,A*)} f o completed Kirkman systems of order 
Qt + 4 such that A A A* contains a line of size 3t + 1, all lines through some 
point not on the special line of size 3t + 1, and no other lines. 
By our above remarks, we see that the existence of a completed clawed 
pair of Kirkman systems of order Qt +4 is equivalent to the existence of 
a clawed pair of Kirkman systems of order 6t + 3 (as defined in section 3). 
For indeed if {(X, A), (X, A*)} is a clawed pair of Kirkman systems of order 
6t + 3 then by adding the extra line (001, . .., ooat+i) and its points to each 
of (X,A) and (X,A*) in the manner described above, we construct a 
completed clawed pair of Kirkman systems of order Qt + 4. And conversely, 
the result of Ray-Chaudhuri and Wilson mentioned above shows that 
deleting the special line of size 3t + 1 and its points from each space of a 
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completed pair of Kirkman systems of order 9t + 4 leaves us a clawed pair 
of Kirkman systems of order 6t + 3. 
LEMMA 4.1. There exist completed clawed pairs of Kirkman systems 
of orders 13,22,31, and 58. 
PROOF. As remarked above, we need only construct clawed pairs of 
Kirkman systems of order w = 9, l&21, and 39. As up to isomorphism there 
is only one B(9) and it is a Kirkman system, the clawed pair of S(9)‘s given 
as example (3.2) suffices here also. 
For v= 16 and 39, we refer to an explicit construction of Kirkman systems 
given in ([18]. Theorem 6). Indeed let w = 2q + 1 for any prime power 
q z 1 (6), and let X={CG} u (GF(q) x {1,2)). Then we may define a Kirk- 
man system of order v on X whose lines are of the three forms 
and 
<=~,a, gz), for all g E GP(q), 
(a, WZ), for g, h,j E GF(q), 
(gz, hz,jd, for g, A, j E G-F(q). 
If (X, A) is the constructed Kirkman system, we let A* be the image of A 
under the permutation of X fixing oo and transposing gi and gz, for all 
g eGF(q). Then it is clear that ((X, A), (X, A*)} is a clawed pair. In 
particular this gives the cases w=15=2-7+1 and v=39=2-19+1. 
We now refer to the construction of a Kirkman system, (X, A), of order 
21 in ([18], Theorem 5). Here X=GF(7)x {1,2,3}. Letting A* be the 
image of A under the permutation of X fixing 01 and transposing the points 
z and y if and only if (01, x, y) E A, it can be checked that {(X, A), (X, A*)} 
is indeed a clawed pair of order 21 as desired. 
LEMMA 4.2. Let v 3 1 (mod 3). Then there is an L(V) with all lines of 
size 4, 7, 10, or 19. 
PROOF. This is a result of Wilson ([21], 5.1 (ii)). 
LEMMA 4.3. For all positive t there exists a clawed pair of Kirkman 
systems of order 6t + 3. 
PROOF. The proof is essentially that given by Ray-Chaudhuri and 
Wilson ([13], Theorem l), appended by Wilson in [21]. As in [18], we find 
it more convenient to construct the equivalent completed clawed pairs of 
Kirkman systems for all order 9t + 4 > 4. 
Let (Y, B) be an L(3t+ 1) with all lines of size 4, 7, 10, or 19, as in 4.2. 
Let X=(OO)U (Y x {1,2, 3)). Define X(_~):={CO)U @x (1, 2, 3}), for each 
_b EB, so that IX($)1 E {13,22, 31, 58). Appealing to 4.1, we take {(X(b), 
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A@)), (X(b), A*@))) to be a completed clawed pair of Kirkman systems, 
being careful always to choose (00, yl, yz, ys) as line, for all y E Y, and to 
choose _ba as the special line of size 4, 7, 10, or 19. Taking 
and 
A*o= u A”@), 
bsB 
we have two linear spaces, (X, Ao) and (X, A*e), of order 9t + 4, each con- 
taining the subspace (( Ys, Bs) of order 3t + 1 which is isomorphic to (Y, B). 
Furthermore 
Ao n A*o = {( 00, yl, ~2, ys)ly E Y} u Bs. 
Now we let _b, be a line containing all elements of Ys and set 
and 
A = (Ao - Bs) u {_bm} 
A* = (A*o- B3) u {_b,}. 
Then {(X A), (X, A*)) is a completed pair of Kirkman systems of order 
9t + 4, as desired. This proves the lemma. 
PROOF ~FTHEOREM 3. Let (X, A) and (X, A*) be the two Kirkman 
systems of the clawed pair of order 6t + 3 guaranteed by 4.3, where the point 
contained in each line of the claw will be taken to be 00. Choose a second 
poiIMEX-{oo).If( cqo,b)~AnA*,wechooseafmtherpointc~X- 
- (00, a, b}, such that (a, x, y) E A implies (c, 5, y) $A*. Such a c exists 
as there are ZI - 3 possible choices for c and only V- l/2 pairs (z, y} with 
(a, x, y) E A. We then let B be the image of A under the permutation 
(co, a) and B* the image of A* under the permutation (00, c). We find, as 
in the proof of 3.3, that ((X, A), (X, B*)} is a pair of Kirkman systems of 
order 6t+ 3 with IA n B*j = 1 and that {(X, B), (X, B*)) is a pair of Kirk- 
man systems of order 6t + 3 with IB r\ B*j = 0. This gives Theorem 3. 
Suppose {(X, A), (X, A*)) is a clawed pair of triple systems. We have 
seen in the proofs of 3.3. and Theorem 3 that to map these into a disjoint 
pair, we need only find two points a, c E X - (cG>, where the point 00 is in 
all triples of the claw, such that ( cqa,c)+A nA* and that (a,x,y)~A 
implies (c, x, y) $ A*. 
Consider a clawed pair {(X, A), (X, A*)) of Kirkman systems of order 
6t + 3 constructed as in the proof of 4.3 from the L(3t + l), (Y, B). If there 
is a pair {xi, yj} C Y x (1,2> such that (ah, q, yj) E A and (cb, a, yj) E A*, 
for distinct a, c E Y with A, k E {1,2), then there must be a line _b E B with 
{a, c, Z, y> C_b. In terms of {(X, A), (X, A*)), this says that we can only 
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have triples (a, x, y) E A and (c. 5, y) E A* when both a and c belong to the 
points of the clawed subpair of order 9, 15, 21, or 39 of {(X, A), (X, A*)) 
which contains the three points 00,x, and y. Thus we observe that, in 
searching for suitable points a and c for our clawed pair of order 6t+ 3, 
we really need only to have checked that such points exist for pairs of order 
9. 15, 21, and 39. 
We now sketch a proof of Theorem 4. Starting with the clawed pairs of 
Kirkman systems provided by 4.1, it is possible to construct clawed 
quadruples -(that is, (a, C,)-4-tuples) of Kirkman systems of orders 9, 15, 
21, and 39. It is then clear that, proceeding as in the proof of 4.3, we may 
construct a clawed quadruple, {(X, Al), (X, AZ), (X, As), (X, Aa)), of any 
order 6t + 3 > 9. If 00 is the point in each line of the claw, we are then 
interested in finding four points, {a, b, c, d), such that {(X, (CO, a) Al), 
(X, (9 b) A2). (X, (9 4 A319 (X, ( 00, d) &)} is a quadruple of disjoint 
Kirkman systems. As such points {a, b, c, d} do exist for our clawed 
quadruplesof order 9,15,21, and 39, the remarks of the previous paragraph 
show that the points {a, 13, c, d} exist for all orders 6t + 3. This proves 
Theorem 4. 
5. REMARKS 
(i) None of our results do we regard as surprising. Indeed, past example 
seems to indicate that it is possible to construct sets of triple systems having 
any desired intersection property, as long as the suitable numerical re- 
strictions are satisfied and the order of the systems is “large enough”. 
Such a result is that of (Lindner and Rosa, [IS]). We mention also 
THEOREM 6. For any odd p, (v, C,)-pairs exist if and only if w 3 1 or 3 
(mod 6), us-q, and v#q+2. 
This is easily proven starting with the constructions which give 2.4 (see 
[71> PW 
In this context, it seems clear that the weakness of the bounds of 
Theorem 1 are due to the diEiculty of the general embedding problem for 
partial triple systems ([13]) as opposed to the problem of finding other 
embeddings slightly different than a given one. In particular, when the full 
answer to the embedding problem is known for some class of partial triple 
systems, the corresponding strong results such as Theorem 5 and 6 can 
frequently be proven. B’or instance, letting the partial triple system which 
contains a partial parallel class oft triples and 3t points be denoted by Pst, 
we know that, for some constant to and all t> to, (v, &)-pairs exist as long 
as w = 1 or 3 (mod 6) and v > 3t. We conjecture that to = 3, while it is easy 
to see that there is no (9, P&pair. 
(ii) There are obvious drawbacks to the construction methods used in this 
paper. The construction of clawed pairs in general situations does not 
easily adapt to the producing of clawed n-tuples with n > 2. This is because 
there is no clawed triple of order 7. (A clawed n-tuple of order v has 
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n < v - 5.) Similarly, producing clawed pairs of isomorphic triple systems is 
difficult. For the only permutation which is likely to take one system of a 
clawed pair to the other is the involution fixing the intersection point pi) 
of the claw and transposing x and y if and only if (bo, X, y) is in the claw. 
But, unfortunately, this permutation will induce an automorphism on any 
S(9) containing 00. 
(iii) For any n-tuple of pairwise disjoint triple systems of order v we have 
n<v- 2. It is conjectured that if v> 9 equality can be achieved (cf. [5], 
[9]). Sylvester’s problem ([4]) is to exhibit v - 2 pairwise disjoint Kirkman 
systems of order v E 3 (mod 6). It is very likely that this is always possible, 
however actual constructions are known only in a few cases (see [4]). For 
most orders v = 3 (mod 6), Theorem 4 seems to provide the largest set of 
disjoint Kirkman systems known to date. 
(iv) C. C. Lindner has observed (in a personal communication) that results 
such as Theorems 1 and 2 can be immediately proved for p sufficiently large 
compared to m by assuming the existence of disjoint pairs, making a small 
number of initial constructions, and then appealing to the theory of PBD- 
closed sets developed by Wilson (see [21]). 
(v) The disjoint case of Theorem 3 can also be derived as a corollary to a 
recent result of Teirlinck ([ZO]). 
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